Abstract. This is a continuous work about the nonexistence of some complete metrics on the product of two manifolds studied by . Motivated by the result of Tossati [12] . We generalize the corresponding results of Tam-Yu [11] to the almost-Hermitian case.
Introduction
In [14] , Yang proved the nonexistence of complete Kähler metrics with holomorphic bisectional curvature bounded between two negative constants on the polydisc. Later, Seshadri [8] and Seshadri-Zheng [9] extended Yang's result onto the product of two complex manifolds of positive dimensions. Indeed, they showed that there is no complete Hermitian metrics with holomorphic bisectional curvature bounded between two negative constants and bounded torsion on the product of two complex manifolds of positive dimensions. In [11] , Tam-Yu relaxed the curvature bounds of the result of Seshadri-Zheng [9] to a reasonable curvature decay or growth rate in the Kähler category. In [12] , Tosatti generalized the result of Seshadri-Zheng [9] onto the product two almost complex manifolds. Indeed, Tosatti obtained the following result: Theorem 1.1 (Tosatti) . Let M = X × Y be a product of almost complex manifolds of positive dimensions. Then, there is no complete almost Hermitian metric on M satisfying the following conditions:
(1) The holomorphic bisectional is bounded between two negative constants; (2) The (2,0) part of the curvature tensor is bounded; (3) The torsion is bounded.
In this paper, motivated by the result of Tosatti, we generalize the results of Tam-Yu [11] onto the product of two almost complex manifolds of positive dimensions. The main results we obtain are the follows. Theorem 1.2. Let X 2m , Y 2n be two almost complex manifolds of real dimension 2m, 2n respectively, m, n ≥ 1. Then there is no complete almost Hermitian metric on M = X × Y satisfying the following:
(1) second Ricci curvature≥ −A(1 + r) 2 ; (2) holomorphic bisectional curvature≤ −B < 0; (3) torsion bounded by A(1 + r); (4) (2,0) part of the curvature tensor bounded by A(1 + r) 2 where r(x) = d(x, o) is the distance between x and a fixed point o ∈ M, and A, B are two positive constants. Theorem 1.3. Let M = X 2m × Y 2n be the product of two almost complex manifolds with positive dimension. Then there is no complete almost Hermitian metric on M satisfying the following:
(1) second Ricci curvature ≥ −A(1 + r 2 ) γ ; (2) holomorphic bisectional curvature ≤ −B(1 + r 2 ) −δ ; (3) nonpositive sectional curvature for the Levi-Civita connection; (4) torsion is bounded by A(1 + r 2 ) γ/2 ; (5) (2,0) part of the curvature tensor is bounded by A(1 + r 2 ) γ where γ ≥ 0, δ > 0 such that γ + 2δ < 1, A, B are some positive constants, and r(x) = d(x, o) is the distance of x and a fixed point o ∈ M.
Clearly, if (M, J, g) is Kähler, then the torsion and (2,0) part of the curvature tensor are zero, and second Ricci curvature is just the Ricci curvature, so these theorems cover Theorem 1.2 and Theorem 1.3 in [11] respectively.
The techniques using for proving the main results are mainly the same as in Tam-Yu [11] . However, for the almost Hermitian case, we don't have at hand a simple formula similar to the Kähler or Hermitian case for computing the curvature tensor, so the computation in [11] can not be extended directly to the almost Hermitian case. In this paper, we use a general Ricci identity (Lemma 2.3) to handle this difficulty. Generally speaking, this is a Bochner technique on almost Hermitian manifolds. Another difference with the complex case is that we don't have holomorphic coordinates in the almost Hermitian case so that computations can be performed on the coordinate since the complex structure may not be integrable. In this paper, we introduce local coordinates that play similar roles of holomorphic coordinates on almost complex manifolds so that similar computations as in Kähler geometry can also be performed on almost Hermitian manifolds.
The contents of this paper are arranged as follows. In section 2, we recall some preliminary definitions and results about almost Hermitian manifolds. In section 3, we give a proof of Theorem 1.2. In section 4, we give a proof of Theorem 1.3.
Preliminaries on almost Hermitian manifolds
For convenience, let us recall some notations and basic results about almost-Hermitian manifolds, please see e.g. [4, 13, 12] .
We say that (M 2n , J, g) is an almost-Hermitian manifold of real dimension 2n if J is an almost complex structure on M and g is a Riemannian metric which is J invariant. For a point p ∈ M, let T
M are the eigenspaces of J corresponding to the eigenvalues √ −1 and − √ −1 respectively. An affine connection ∇ on T M which is extended linearly to T C M is called an almost-Hermitian connection if ∇J = ∇g = 0. Let τ be the torsion of the connection ∇ which is defined by
One has the following result (see, e.g. [4, 7] ).
Lemma 2.1. There exists a unique almost-Hermitian connection ∇ on (M, J, g) such that the torsion τ has vanishing (1, 1) part.
This connection is called the canonical connection. It is first introduced by Ehresmann and Libermann in [3] , and if J is integrable it is the connection defined in [2] by Chern. In this work, we always denote the canonical connection by ∇ and the Levi-Civita connection by D. For the difference between the canonical connection and the Levi-Civita connection, we have the following conclusion, see [4] . 
Proof. Note that
Similarly, we have
Adding (2.2) and (2.4), and subtracting (2.3), we get (2.5)
This completes the proof.
In local frame e a , 1 ≤ a ≤ 2n, we have 
In local frame e a , (2.7)
where ";" means taking covariant derivatives with respect to the LeviCivita connection.
If
In particular, f ab − f ba = τ c ab f c and f ij = fj i . The last assertion follows from the fact that the (1,1) part of τ is zero.
Taking trace of the above gives us, see [12] .
f (e a , e b ) is the Laplacian with respect to the Levi-Civita connection.
In general, let M be a manifold with connection ∇, and E be a vector bundle over M with connection D. Let s be a section of E. Then Ds is a section of T M ⊗ E. To compute more derivatives, we need the connection ∇ on M. Let τ be the torsion of ∇. Then, we have following Ricci identity.
Now let us recall some definitions about the curvature. At a point p, choose a local unitary frame {e 1 , · · · , e n } for T ′ p (M), and denote 
and the (2, 0) part of the curvature as R i j kl θ k ∧ θ l . Similar to [12] , we say that the holomorphic bisectional curvature is bounded from above by K if
The (2, 0) part of the curvature is bounded by
3. Proof of Theorem 1.2
We will prove Theorem 1.2 by contradiction as in [11] . Suppose M = X 2n × Y 2m is a product of two almost complex manifolds of positive dimensions satisfying the conditions in Theorem 1.2. Fix a point q ∈ Y , we will show that the volume growth of X × {q} has some upper estimate. On the other hand we show that this upper estimate is not possible because of the following maximum principle which is similar to Theorem 1.1 in [10] .
) be a complete non-compact Riemannian manifold, r(x) be the distance function from a fixed point o ∈ M. Let u be a smooth function on M satisfying the inequality
where ∆ L is the Laplace operator with respect to the Levi-Civita connection, then
where V o (t) is the volume of the geodesic ball of radius t centered at the point o ∈ M.
Proof. We will adapt the proof of Theorem 2.1 in [10] . For simplicity, in the proof of this lemma, we write ∆ instead of ∆ L . Firstly, we may assume that sup M u = +∞ satisfying the differential inequality (3.1) with a different C 1 . Otherwise, suppose that sup M u = u * . By differential inequality (3.1) satisfied by u, u * can not be attained.
on {u > 1}. So we conclude that, for any constant β > C 1 δ, there is a smooth function u on M such that
on the nonempty set M * = {u > 1}. We will choose β to be large enough later. Note that C 2 is independent of β.
The same as [10] , let 0 ≤ σ ≤ 1 be a smooth function on R such that σ = 0 on t ≤ 1, σ = 1 on t ≥ 2 and σ > 0 for t > 1, σ ′ ≥ 0. Let
For ρ > 0, let ω be a Lipschitz continuous on M such that
For any positive constants p, q, ǫ, by (3.3), we have
Since ω has compact support, assume further that β > 1
On the other hand, let q = p + 1, by (3.4)
By the definition of
for some k which is independent of ρ. Here we have used the fact that λ ′ is nondecreasing, p(2ρ) > p(ρ) and λ ′ = 0 if u ≤ 1. Let
We have
By iterating, we have
for some C 3 > 0, for ρ > 0, because λ ′ ≤ 1. Since {u > 1} is nonempty, if ρ 0 is chosen large enough, F (ρ 0 ) > 0. From this it is easy to see that the lemma is true.
To estimate the volume growth, we will use the following result due to Tosatti [12 
where C is a constant depending only on m. In particular,
Proof 
where C is a positive constant depending only on m. Multiplying r to the both sides of inequality above, we have
(m + rCα) .
Integrating both sides from t 0 to r, we have
This completes the proof of the lemma.
Similar to Lemma 2.1 in [11] , we have 
where C is a constant depending only on m and c is the same as in (3.6).
Proof. Let u = tr g (f * h). Since the second Ricci curvature of B o (2R) is bounded from below by −K 1 and the bisectional curvature in f (B o (2R)) is bounded above by −K 2 , by the result of [12, page 1081], one has
, where ∆ denotes the Laplacian with respect to the canonical connection on M. Similar to the proof of Lemma 2.1 in [11] . Let η ≥ 0 be a smooth function on R such that (1) η(t) = 1 for t ≤ 1, (2) η(t) = 0 for t ≥ 2, (3) −C 3 ≤ η ′ /η 1/2 ≤ 0 for all t ∈ R, and (4) |η ′′ (t)| ≤ C 3 for all t ∈ R for some absolute constant C 3 > 0. Let φ = η(r/R), where r is the distance function from o.
Suppose φu attains maximum atx ∈ B o (2R), then φ(x) > 0. Using an argument of Calabi as in [1] , we may assume that φu is smooth at x. Then we have (1) ∇(φu)(x) = 0 which implies that atx, ∇u = −uφ −1 ∇φ, (2) ∆(φu)(x) ≤ 0. Using Corollary 2.3, atx, we have 0 ≥ ∆(φu) = φ∆u + u∆φ + 2 ∇φ, ∇u
By Lemma 3.2, we have
where c is the same as in (3.6). So we can get
where C is a constant depending on m and C 1 , and c is the same as in (3.6). Therefore the lemma holds.
We have the following volume growth estimate of geodesic ball on the submanifold X. 
for some positive constant C 4 independent of t.
Proof. The proof is similar to the proof of Lemma 2.2 in [11] . By [6] , the bisectional curvature of the canonical connection of an almost complex submanifold is not bigger than the one of the ambient space. So for any point y 0 ∈ Y , then the bisectional curvature of X y 0 is also bounded from above by −B. The same holds for Y x 0 where Y x 0 = {x 0 } × Y . By Lemma 3.3, there is a constant C 5 independent of x 0 , y 0 such that
for (x, y) ∈ M, where π 2 ) for some constant C. In the rest of the proof, we can follow the corresponding argument of the proof of Lemma 2.2 in [11] to get the conclusion of this lemma.
Next we want to find a function on X q satisfying the differential inequality in Lemma 3.1. For convenience, we will introduce a special coordinate near a point on almost complex manifold. Let φ = (z 1 , z 2 , · · · , z m ) be a complex coordinate, and suppose that
is a local coordinate. As usual, we define
Lemma 3.5. Let (M, J) be an almost complex manifold. Then for any p ∈ M, there is a local complex coordinate (z 1 , z 2 , · · · , z n ) that is almost holomorphic at p such that (3.14)
Proof. Let (z 1 , z 2 , · · · , z n ) be a local complex coordinate that is almost holomorphic at p. Suppose that
By that J 2 = −id, we know that
Taking partial differentiations of (3.18), we know that
By a straight forward computation, we have
Then, by using (3.19) and (3.20), we have
and (3.21) are both true. Then
is a complex coordinate that is almost holomorphic at p. This completes the proof. Definition 3.3. We call the local coordinate in the last lemma an holomorphic coordinate at p. Corollary 3.2. Let M = X × Y be a product of two almost complex manifolds. Let (z 1 , z 2 , · · · , z k ) be a local holomorphic coordinate for X at x and (w 1 , w 2 , · · · , w l ) be a local holomorphic coordinate for Y at y.
Proof. Let J X and J Y be the almost complex structures on X and Y respectively. Since the almost complex structure on M = X × Y is a product of J X and J Y , we have
Then the conclusion comes directly by a simple computation.
For almost-Hermitian manifold with canonical connection, we have Lemma 3.6. Let (M 2n , J, g) be an almost Hermitian complex manifold and ∇ be the canonical connection. Then, for each point p ∈ M and any holomorphic coordinate (z 1 , z 2 , · · · , z n ) at p, we have
Proof. Since ∇J = 0,
, (by the definition of holomorphic coordinates) a (0,1) vector. On the other hand,
∂ ∂z i (p) = 0. Hence the conclusion follows.
From the lemma, one can get the following.
where u ij = ∇ 2 u(∂ i , ∂j) is the complex Hessian with respect to the canonical connection.
We also need the following facts on submanifolds. Let (M, J, g) be an almost Hermitian manifold and ∇ the canonical connection, andτ be the torsion of ∇. Let N be a submanifold of M. Define the connection on N (3.32)
We will also need the following result about the torsion of submanifold.
Lemma 3.7.
(a) ∇ is the canonical connection of the induced almost Hermitian manifold (N, J, g) with torsion
Proof. (a) By the definitions of the torsion and the connection ∇, for U, V ∈ T C N, we have
Clearly ∇ is also a canonical connection on N.
Let {e 1 , · · · , e n } be a unitary frame on T ′ N where n is the complex dimension of N, by (3.34), we can get h(e i , ej), ek = Jh(e i , ej), Jek = h(e i , Jej), Jek = − h(e i , ej), ek (3.36) and by (3.35),
h(e i , ej), e k = h(ej, e i ), e k = Jh(ej, e i ), Je k = h(ej, Je i ), Je k = − h(e i , ej), e k , (3.37) so h(e i , ej), ek = 0 = h(e i , ej), e k , here i, j, k ∈ {1, · · · , n}. Hence
Therefore the lemma is true.
Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. We proceed by contradiction. Let g be a complete almost Hermitian metric on X 2m ×Y 2n satisfying the assumptions, ∇ be the canonical connection.
Denote the fixed point o as (p, q) ∈ X × Y . Consider the inclusion map: i : X q ֒→ X × Y defined by i(x) = (x, q), and pull back the tangent bundle
For simplicity, let {e 1 , · · · , e m , e m+1 , · · · , e m+n } be a unitary frame on T ′ M such that {e 1 , · · · , e m } is a frame on T ′ X q . In the rest of this proof, we will take α ∈ {1, · · · , m} and i, j ∈ {1, · · · , m + n}. Since u is a (1, 0) vector, we can write V = V i e i . By the Ricci identity (Lemma 2.3), see also e.g. [12, page 1075] and Lemma 3.1 therein, we have 1 2
where we have used Corollary 3.2 which implies that V iᾱ = 0 and hence V iᾱ α = 0. Moreover, by Corollary 2.3 (See also Lemma 3.2 in [12] ), and the assumption of the torsion, we have
here ρ is the distance function from p on X q . Similar to the proof (2.8) in [11] using the Schwartz lemma (Lemma 3.3), one can get that V 2 is a positive bounded function. By Lemma 3.1 and Lemma 3.4, we have a contradiction because |V | > 0.
Proof of Theorem 1.3
We need a lemma similar to Lemma 3.1 in [11] . Since M may not be Kähler, we need Corollary 3.3 and Lemma 3.7 in our computations.
be the product of two almost complex manifolds with positive dimensions. Assume that M is simply connected. Suppose there is a complete Hermitian metric g on M satisfying the assumptions in Theorem 1.3, that is:
(1) the second Ricci curvature ≥ −A(1 + r 2 ) γ ; (2) the holomorphic bisectional curvature ≤ −B(1 + r 2 ) −δ ; (3) sectional curvature for the Levi-Civita connection is nonpositive; (4) torsion is bounded by A(1 + r 2 ) γ/2 ; (5) (2,0) part of the curvature tensor is bounded by
where γ ≥ 0, δ > 0 such that γ + 2δ < 1, A, B are some positive constants, and r(x, y)
Then there is a positive constant C depending only on m, n, γ, δ, A and B, such that
for any x 0 , x ∈ X, y ∈ Y and u ∈ T ′ y (Y ). Proof. Let π : X × Y → {x 0 } × Y = Y x 0 be the natural projection. We only need to prove that
where u(x, y) is the energy density of π. By equation (5.9) in [12] , the assumptions (1) and (2), and the fact that the bisectional curvature of the canonical connection of an almost complex submanifold is not bigger than the one of the ambient space [6] , we have at (x, y) ∈ M, Near x, choose a frame {e 1 , · · · , e m } on T ′ (X) with dual co-frame ω 1 , . . . , ω m , and near y choose a frame {e m+1 , · · · , e m+n } on T ′ (Y ) with the dual co-frame {ω m+1 , · · · , ω m+n } satisfying that at y, ω α , ω β | (x,y) = δ αβ . Then e 1 , . . . , e m+n is a frame near (x, y) with coframe ω 1 , . where (r 2 ) ;αβ means the Hessian of r 2 (x, y) with respect to the Riemannian connection, a, b, h, k, t ∈ {1, · · · , m + n}. First of all, we want to show that (4.7) 2gβ α (x, y)(r 2 ) ;αβ (x 0 , y) ≤ u(x, y)(∆ L M r 2 )(x 0 , y).
Note that, by our choices of frames, (4.8) 2gβ α (x, y)(r 2 ) ;αβ (x 0 , y) = 2(r 2 ) ;αᾱ (x 0 , y).
By the assumption (3), the sectional curvature for the Levi-Civita connection is nonpositive, we know (r 2 ) ;ab (x 0 , y) is positive definite, please see [5] , then for any fixed α ∈ {1, · · · , m}, for some constant C independent of x. Combining this with (4.19) and (4.20), we can get (4.18).
Let h(x) = log f (x) − 2δ log(C 9 + r 2 (x, q)) where C 9 > 1 is some constant. Follow the proof of (3.10) in [11] , from (4.17) (4.18) and the assumption γ + 2δ < 1, we can get if C 9 is big enough, then at a maximum point (x, q) ∈ X q (4.21) 0 ≥ ∆ Xq h(x) > 0.
Hence we have a contradiction. Therefore Theorem 1.3 holds.
